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Real de Sitter and conformal algebras in terms of q-oscillators 

Arkadiusz Kornakiewicz 
Institute oflleoretical Physics, University of Wroclaw, pl. Maxa Boma 9, 50-204 Wrociaw. 
Poland 

Received 10 May 1993, in final form 25 October 1993 

Abstract. We express the Cartnn-Weyl basis of all quantum real D = 4  de Sitter and D = 4  
conformal algebras in terms of qdeformed oscillators. 

1. Introduction 

Recently, several authors have described the realizations of the q-deformed Lie algebra 
U,(@ in terms of q-deformed oscillators [ 1-51, In  particular. the Drinfeld-Jimbo realiza- 
tions of the Cartan-Chevaley basis of the q-deformed Lie algebras for the classical 
Cartan series A N ,  BN, CN, DN have been expressed by the q-oscillators firstly by Hayashi 
[6]. The following two problems arise: 

(a) How to express the Cartan-WeyI basis of U,(G) in terms of q-oscillators. 
(b)  How to obtain the real forms of U,($) by imposing the hermicity conditions 

for q-oscillators. 
The first question has been answered for particular examples in [7J; recently, the con- 
struction has been presented for U,(?(N)) [8 ] .  

In  this paper we shall consider mainly the problem of how to describe the real forms 
of quantum Lie algebras by q-oscillators. Because of the physical applications, we 
shall consider here examples of standard real forms of U,(sp(4; C)) and U,(sl(4; C)), 
classified in [9] and [IO]. 

We recall that the standard real form is defined as a +-operation on the elements 
a, b e d ,  where .d is a Hopf algebra ( S  is the antipode), with properties 

(ab)+= b'a' (I.la) 

(a@b)"=a+Qb+ (1.16) 
S .+&+=l .  (1.lc) 

Because the quantum oscillators in their algebraic formulation do not form the non- 
commutative Hopf algebra with algebra as well as co-algebra sectors, our embedding 
of U,($) into the algebra of bilinears of q-oscillators describes only the algebra sector. 
One can therefore also look for the description of real forms defined with the help of 
the $-operation (see [ 9 ] ) .  

(ab)m =baa@ 
(aQb)@ = bQQa" 
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In general. one can also consider two *-operations, forming the non-standard real forms 
* and 0 [9], where * is an automorphism of the algebra. However, in this paper we 
shall consider only the involutions which satisfy (I.la) (or I ,2a). 

I t  is interesting to observe that the quantum oscillators can be used for the descrip- 
tion of the fundamental quantum spinors, describing the co-representations of quantum 
real D=4 de Sitter and quantum real D = 4  conformal algebras. In such a way we 
obtain the q-deformation of the components of real sp(4) spinors and D = 4  twistors. 

2. Antipode-extended Cartan-Weyl basis for Li(d(4; C)) and (l&p(4; C)) 

I n  order to obtain the q-oscillator realization of Uq(s1(4; C ) )  as well as Uq(sp(4; C)) 
we introduce holomorphic oscillators a,, b,(i= 1, . . . , 4  for Uq(d(4; C)); i =  I ,  2 for 
Uq(sp(4; C))) which obey the relations 

(a) Uq(sl(4; C)) .  The Cartan-Weyl basis for Uq(s[(4; C)) in terms of these complex 
oscillators is given by 

el = blaz e- ,  = albz 

(2.3) 

where h, describe the Cartan subalgebra, e j ,  e-, U= I ,  2, 3) are the generators corre- 
sponding to simple roots, and e,, e-, ( j = 4 , 5 , 6 )  are the generators corresponding to 
non-simple roots defined as (our definitions differ from that in [9] and [IO] by replace- 
ment of q by q2) 

e4= k . e~l?  e-4= [e-2, e- 

( 2 . 4 ~ )  
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where [ A ,  B],=AE-xBA. 

should introduce the so-called antipode-extended Cartan-Weyl basis defined by 
In order to examine the real forms in the case when the q-parameter is real %‘e 

F e  [ez,  e112 P-4=[e-l,e-2], 2 

4 =[e , ,  e212 P-s=[e-Zr e-& 2 (2.46) 

56 E [n, el]$ ‘?-63[e-l.Z-5], ‘ 
which assume the following forms: 

-2N2 &= -q2bia3$N’ ?-a= -q-2alhlq 

Zs = -q2b2a4qZN3 ;-5 = -q-2a2b4q-2N3 (2.5) 
= q4b1a4q2{N2+ Nd = q-4a1b4q-~N2’ 

(b) U,(sp(l; C)). In an analogous way we introduce the basis for U,(sp(4; C)): 

The Cartan subalgebra takes the form 

111 = & ( N I  - N2) 

f12 = N2 + 7 
h 3 = h ~ + 1 1 2 = ~ ( N I + N 2 + I )  

hr=2hl f l t 2 =  N I  + 2 

I 

I 

where 

(2.7) 

3. Oscillator realizations of real algebra U,(O(3,2)) 

Appropriate reality conditions should be imposed on the Cartan-Weyl basis of 
Uq(sp(4; C)) in order to describe the real quantum realization of Uq(0(3 ,  2)) .  We shall 
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recall the real forms of U q ( 0 ( 3 ,  2)) and point out which real forms can be represented 
by q-oscillators. 

( i )  ‘+’ involution, which is the algebra anti-automorphism and co-algebra 
automorphism : 

h’ = - h i  

&=kl e:3= -aEqi2~*3 ( 3 . 1 ~ )  
e:, = &C*2 e:,= Eqi2e+.,. 

The above conditions can be expressed in terms of oscillators, which gives the following 
oscillator conditions ( j =  I ,  2): 

(141 = 1 ; E, A = * I )  

(a) ( E ,  a)=(-[, - 1 )  

(3.16) 
a: = +ib2 a: = +a, 

a: = +ibl b,’= *bj 

a: = +b2 
a; = +b,  

(b) ( & , A ) = ( - l , - l )  
aj’ = +( - I)ja, 
b: = %( - 1 yb, 

a : = i h 2  a,’ = i i ( -  l)ja, 
a: = +bl b; = hi(- 1 Ybj 

(4 ( E ,  J-)=(I, - 1 )  
a: = -libz a: = +(- lya, 

(3.1~) 

( c )  ( E * Q = ( l ,  1) 

(3 .Id)  

(3.le) 
a: = +ibl b: =A(- I )%, . 

In all cases (a)-(d) the number operators satisfy the condition 
/q = -(Nj+ I ) .  

h? = h, 

e%=&e+2 eE= &e*&. 

(ii) ‘0’ involution, which is the anti-automorphism in both the algebra and co- 
algebra sectors: 

(141 = 1) 
@?,=&I e?: = n&ee, 3 (3.2~) 

In terms of oscillators these relations can be realized if 
& = - I  A = - 1  

or 
& = - I  a.= i 

The following two real forms of Uq(0(3 ,  2)) can be given: 

(a) ( & , 4 = ( - 1 ,  -1) 
a?=+b, 
ay= Tb2 

(b) ( E ,  Q=(-l ,  I )  
a? = *bl 
a?=+b2. 

(3.26) 

(3.2~) 
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The realization ( 3 . 2 ~ )  has been proposed in [ I  I ] .  
(iii) '0' involution, which is the anti-automorphism in both the algebra and co- 

algebra sectors: 

(3.3) 

In terms of q-oscillators one can express only two realizations of (3 .3 )  if E =  -1, A =  I 
or E= -1, I = - I  : 

(a)  ( E ,  A ) = ( - I ,  - 1 )  

a P = f b l  

a y  = Fb2 

(6)  (6 ,  A ) = ( - l ,  1)  

a ? = i b ,  

a?=kb, .  

In the case of all the equations (3.2) and (3.3) the number operators satisfy 

$ = N J  j = 1 , 2 .  

We see that in the case of two oscillators we obtain only the realizations corresponding 
to U q ( 0 ( 3 ,  2 ) ) .  The oscillator realizations of Uq(0(4,  I ) )  and U q ( 0 ( 5 ) )  require at least 
four oscillators. 

4 .  Oscillator realization of real conformal algebra U,(0(4,2)) 

First we recall the complete list of standard real forms of U q ( d ( 4 ;  C)) according to 
[IO]. For the conformal case we do not consider the @-involution. The involutions 
OP*(k= I ,  . . . ,5) are completely described by its action on simple roots: 

@i(h,)=-h4-J @de+, )  (Is1 = 1) 

%(hJ)=-hj W e 4  = e (Id=l) 
%(/I,)= h 4 - j  %(eil) = e1(4- j )  ( W R )  

W h , )  = h4-, %(e+j)= (-1)6%,+,1 (qsR) 

W h , )  = hi 'We+l )  = cie-j ( 9 = i 1, q E  q . 
Further, we shall restrict our considerations to the case of the D = 4  conformal algebra 
U q ( 0 ( 4 , 2 ) ) .  Only by means of CD, and @s can we construct a deformation of the D =  
4 conformal algebra, and in both cases we should use the antipode-extended basis for 
Uq(s1(4; C)). It  appears that all four standard real forms listed in [IO] of U p ( 0 ( 4 , 2 ) )  
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Tabls 1. The oscillator realization for real forms of U J O [ 4 , 2 ) ) ,  where for @I the number 
operators satisfy h',' = N, (I ,, while for '4% lhey satisfy N: = N,. In all the relalions /= 
1.2, 3.4. 

can be represented by the q-oscillators. We describe the reality conditions for q-oscilla- 
tors in table 1 (&=cl = q). The reality conditions for q-oscillators in table 1 describe 
direrent forms of the reality conditions for quantum twistors. 

5. Covariance relations for Uq(sp(4; C)) and U,(s1(4; C)) 

We introduce below the q-commutation relations between generators of quantum alge- 
bra Uq(sp(4; C)) (Uq(s1(4; C))) and q-deformed oscillators. Further, we assume the 
following notation: eA are generators of quantum algebra U,,(sp(4; C)) or Uq(sl(4;  C)) 
( A = l , .  . . ,4 for  Uq(sp(4; C ) ) ; A = I , .  . . ,6 for  U q ( s l ( 4 ; C ) ) ) ; a A = ( a , ,  bJarecomplex 
oscillators expressing eA in terms of the q-oscillators (2.3), (2.6) ( i= 1.2 for Uq(sp(4; C)); 
i= I , .  . . ,=4 for U,(s1(4; C))). 

where 

(5.16) 

If we add to ( 5 . 1 ~ )  the conjugated relations (@*,+eTl, q'q-l), we obtain the complete 
set of covariance relations. 
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( b )  Uq(sl(4: C ) ) .  We have the following relations for U,(s1(4; C)): 

-*rqx”*ll 0 0 0 0 h 1’1 -w 0 

0 -a3p”’ 0 0 0 0 

0 0 -0,q31r>*l l  0 0 0 0 

-“,q?lN,-N,* I, 0 0 0 0  0 ,,,(”‘“.”” 
0 -a#<-N,+,vl+ I ,  0 0 0  0 0 

0 

0 0 0 0  0 -ea$‘ YI - N2.h.,* 8 ,  

(5.2a) 

l l I I q 2  1 

(5.26) 

I le,, aBln ,” ,m = 

where 

g(A ,  B)=  q 2  4‘ 1 1 I 4 - 2  q? 
1 q2 q* 1 I I 4-2 $72 

q 2  4‘ 4’ I 1 4-2 q - 2  q’ 

The collection of four oscillators aB(B= I ,  2, 3,4)  describes the non-commuting coordi- 
nates of complexified twistor space. 

6. Final remarks 

In  this paper we have investigated the oscillator realizations of qdeformed de Sitter 
and conformal algebras. It appears that one can obtain the realizations for all eight 
real forms of Uq(0(3 ,  2)) and four real forms of Uq(0(4 ,  2)). Using the minimal number 
of q-oscillators ( n = 2  for U,(sp(4, C)); n = 4  for U,(sl(4; C)) we were not able to 
obtain the oscillator realization of quantum U(4,  1) and U ( 5 )  algebras which have (q= 
1) fundamental quaternionic realizations. 

It would be very interesting to extend this formalism to the superconformal quantum 
deformations. In such a case one h a s  to use bosonic as well as fermionic q-deformed 
oscillators. 
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